Abstract: We use supersymmetric localization to compute the partition function of N = 2 super-Yang-Mills on S 4 in the presence of a gauged linear sigma model surface defect on a S 2 subspace. The result takes the form of a standard partition function on S 4 , with a modified instanton partition function and an additional insertion corresponding to a shifted version of the gauged linear sigma model partition function.
Introduction
Supersymmetry, despite being so far of little use for realistic physical models, is an interesteresting framework for studying nonperturbative phenomena in quantum field theory. Indeed, many physical quantities invariant under some supersymmetry can be computed exactly using various tools. One such tool is localization [1] , which allows to compute some partition functions and supersymmetric quantities by deforming the action in a suitable way. In recent years, localization allowed to compute partition functions and Wilson loops of supersymmetric gauge theories on S 4 and its deformations [2] [3] [4] , on S 2 [5, 6] , and on various other spacetimes. In two dimensions, the method has also proven successful in computing various other physical and mathematical quantities [7] [8] [9] [10] [11] [12] .
In this paper, we explore another direction in which the localization program can be expanded, that of supersymmetric gauge theories with surface defects. Surface defects play an important role in quantum theory, and therefore are interesting objects to study [13, 14] . Our goal is to localize a N = 2 supersymmetric gauge theory on S 4 interacting with some extra GLSM degrees of freedom on a S 2 surface 1 . The surface is embedded as a great sphere of S 4 (i.e. it contains antipodal points). The presence of the defect breaks half the supercharges, leaving a N = (2, 2) supersymmetry group. We also focus on the partition function of that theory. In addition to being an interesting result by itself, the partition function plays an important role in the AGT duality [15, 16] , and thus its computation allows for an additional check of the conjecture. The computation also sets the ground for that of other physical quantities (compatible with localization) in the same setup. For most of the paper, we specialize the computation to the case of a pure supersymmetric gauge theory on S 4 interacting with chiral multiplets on the defect. The simpler computation already shows all the important features of the general case, allowing for a straightforward generalization. In particular, charging a chiral multiplet under a 2d representation of a 4d vector multiplet gives the only coupling between the bulk and the defect relevant for the computation. Superpotential interactions are also possible, but they do not directly affect the path integral.
We compute the partition using supersymmetric localization in the Coulomb branch. The result is an integral over the coulomb branches of both the 4d and 2d multiplets, of the form: (See eq. (4.1) for the exact formula.) The one-loop determinants are the same as in the partition function of the isolated 2d and 4d theories, except for the chiral multiplets which see the 4d vector multiplets as background vector fields. The instanton partition function corresponds to a modified version of Nekrasov's partition function, where the gauge theory in the Ω-background now contains a R 2 defect. It is expected to be computable using the methods of [17] , but its derivation is left for future work. The paper is organized as follows. In section 2, we describe the theory theory of a 2d chiral multiplet and a 4d vector multiplet and its relevant properties. The relevant computations and some technical details are left for the appendices. The localization is performed in section 3, where we find the appropriate setup for the localization and assemble the components of the partition function. Most of the components can be taken from the literature with little change, and we review the computation of the one-loop determinant for the chiral multiplet in appendix E. In section 4, we show how the results generalize in the presence of matter on S 4 and vector multiplets on the defect.
The theory
In this section we write down the action and some basic properties of the theory of a vector multiplet on S 4 coupled to a chiral multiplet on a S 2 defect. The separate uncoupled theories on S 2 and S 4 have been described previously [2, 5, 6] . Our goal is to find the coupling between the defect and the four dimensional vector multiplet. For this purpose, we express the vector multiplet in a "two dimensional" language, where only the unbroken symmetries of the theory are manifest. We split the tangent space near the S 2 subspace in a parallel and a perpendicular part, and we write the spinors as two dimensional Dirac spinors (relative to the parallel part of the tangent space). Then the restriction of the multiplet to the S 2 subspace can be seen as a set of field on that subspace, hence it can interact locally with the matter on the defect. In particular, the derivatives of the fields in the orthogonal direction appear as an extra set of fields. In the following, we call this process the "restriction" of the vector multiplet from S 4 to S 2 .
When restricted to S 2 , the four dimensional vector multiplet appears as a tower of fields, which consists of the vector multiplet on the defect and its transverse derivatives. Each level appears as a two dimensional vector multiplet together with a chiral multiplet. In principle we can couple the defect to any of this fields, but renormalizability forbids any supersymmetric to the derivative fields (see appendix D).
The resulting chiral multiplet is coupled to the vector multiplet in an unusual way, which takes care of the dependence in the transverse dimensions. However, the (restricted) vector multiplet itself appears exactly as a N = (2, 2) vector multiplet, with the correct supersymmetry transformations. Therefore we can couple the 2d matter to the restricted vector multiplet as if it was a vector multiplet on S 2 , and the result is guaranteed to be supersymmetric 2 . As 2 Alternatively, we can interpret S 4 in some neighbourhood of S 2 as a bundle S 2 × I,over S 2 , where I is some interval, and encode the restricted dimensions in a larger gauge group I ⊗ G living on that bundle. In this framework, a 4d vector multiplets split into 2d chiral and vector multiplets, and the "unusual coupling" is encoded in the representation of the chiral multiplet under the new gauge group. The restricted fields are obtained by considering the section of the bundle corresponding to S 2 shown in appendix D, this is the most general renormalizable coupling between the 2d and 4d fields compatible with the symmetries of the theory.
Field content and action
We now proceed to describe the action for theory. It separates into a two dimensional part and a four dimensional one, in the generic form
The four-sphere has a radius r, and we describe it using the stereographic coordinates x µ , µ = 1, · · · , 4, centered at the north pole. The metric is conformally flat, g µν = e 2Ω δ µν , with conformal factor e −Ω = 1 +
x µ x µ r 2 . The two-sphere is taken to be the subspace x 3 = x 4 = 0, and we use the coordinate system x i , i = 1, · · · , 2, induced by inclusion. Our conventions for spinors are described in appendix A.
We begin with the description of the vector multiplet on S 43 . The multiplet consists of a gauge field A µ , a SU (2) R R-symmetry doublets of Weyl fermions λ A ,λ A , a pair of scalars φ,φ, and a R-symmetry triplet of auxiliary fields D AB = D BA . All fields are in the adjoint representation of the gauge group G, with Lie algebra g. The SU (2) R indices {A, B = 1, 2} are raised and lowered by the antisymmetric matrices C andC, defined by
Here F µν is the field strength for A µ , and D µ = ∇ µ − iA µ is the gauge covariant derivative. On the two dimensional side, the defect consists in a set of chiral multiplets, or equivalently a single chiral multiplet in a representation R = I R I of the gauge group G , decomposing into a direct sum of irreducible representations (flavors) R I . A chiral multiplet in a representation R consists of a scalar χ, a Dirac fermion ψ, and an auxiliary scalar F (the corresponding fields areχ,ψ,F for the antichiral multiplet). The multiplet is characterized by a mass m and a R-charge q, where m, q are matrix valued in the flavor space and take constant values m I , q I in each irreducible representation. As discussed before, the coupling to the S 4 vector multiplet takes the same form as the coupling to a S 2 vector multiplet. Therefore we can write the Lagrangian as [5] 
Supersymmetry transformations
Supersymmetry transformations in curved space are most naturally obtained as a subset of the superconformal transformations. Such transformations are parametrized by a set of conformal Killing spinors. Each of these spinors can be expressed as a linear combination of a basis of conformal Killing spinors, each associated to one of the supercharges. In this paper, we describe supersymmetry and superconformal symmetry through conformal Killing spinors, i.e. through the realization of the algebra on the fields. For generic conformal Killing spinors, the commutator of superconformal transformations contains conformal transformations through conformal Killing vectors. Supersymmetry is obtained by restricting to a maximal subset of the conformal Killing spinors generating only Killing vectors, i.e. isometries.
On S 4 , the N = 2 superconformal transformations are given in terms of SU (2) R doublets of conformal Killing spinors ǫ A ,ǭ A . The fields of the vector multiplet transform as
For N = 2 supersymmetry, the allowed set of spinors is given in terms of constant spinors
(See appendix B.2.) The four constant spinors correspond to the eight supercharges of the theory. In the presence of a S 2 defect, half of the supersymmetries are broken, and the unbroken ones correspond to spinors of definite "two dimensional chirality". The restriction takes the form:
On S 2 , the N = (2, 2) superconformal transformations are generated by a pair of conformal Killing spinors ε,ε. The fields of the chiral (and antichiral) multiplet transform as
For supersymmetry, the set of allowed spinors is given in terms of a pair of constant spinors ε 0 ,ε 0 , by
(See appendix B.3.) For the theory being considered, the supercharges on S 2 and S 4 are the same, so the allowed conformal Killing spinors are related. In components, the relation is
(See appendix B.4.)
Localization
The goal of this paper is to compute the partition function
where Φ denotes the set of fields of the chiral and vector multiplets, Φ g is a set of ghosts, S = S 2d + S 4d is the action defined in the previous section, and S g is a gauge fixing action. We perform the path integral over a contour in which the bosons satisfy the reality conditions
We compute the partition function using supersymmetric localization [1, 2] . The method relies on the fact that given a supercharge Q, only the Q-invariant field configurations contribute to the path integral. Indeed, if the orbit of Q is non-trivial, then the path integral over that orbit vanishes. In practice, we can simplify the computation by deforming the action by a Q-exact term in the form S → S + tQ · V . Under certain assumptions, the path integral is not affected by such deformation. If the deformation term is non-negative, we can take the limit t → ∞. In that limit, the saddle-point approximation becomes exact, and thus can be used to compute the partition function for the original theory exactly. Schematically, the path integral reduces to a sum (or integral) over the set F of zeros of Q · V , and a Gaussian integral, in the form
The one-loop partition function
] is a ratio of functional determinants, and is greatly simplified by supersymmetry. Indeed, as mentioned before, only the supersymmetric configurations contribute, the others canceling pairwise. We compute it using the Atiyah-Singer index theorem. Among the set F of classical configurations, we distinguish the contribution of instantons from the set F 0 of configurations of zero instanton number. In the t → ∞ limit, there is no smooth classical field configuration with instantons, but there are still singular instanton configurations localized at the poles [2] . These instanton configurations do not affect the one-loop determinant, and their contribution at each pole is given by an instanton partition function. We can thus expect the partition function to take the form
The supercharge and deformation terms
To perform the localization, we choose a supercharge compatible with the localization for both the two and four dimensional fields, i.e. a supercharge of the unbroken supersymmetry. We pick the supercharge Q such that the poles are left invariant by Q 2 . In that case Q 2 generates a U (1) group, which consists of a combination of SO(2) ⊂ SO(3) and SO(2) ⊥ rotations. In terms of conformal Killing spinors in the two dimensional formalism, the constraint is ε 0 γ iχ 0 +ε 0 γ i χ 0 = 0 (i.e. the coefficient of M i5 must vanish in the Killing vector (B.22)), and is satisfied by imposing γ 3 ε 0 = +ε 0 , γ 3ε 0 = −ε 0 . This leaves two independent spinors, and we choose the combination defined by ε 0 = iγ 1ε 0 . In components, we write (ε 0 ) 1 = i(ε 0 ) 2 = ε Q , where ε Q is the parameter for the transformation δ Q = r − 1 2 ε Q Q. The square of the supercharge Q is realized as
where v is the Killing vector associated with M 12 M 34 , θ measures the angle on S 4 relative to the north pole, and m is the mass of the multiplet. This choice of supercharge is compatible with previous computations on S 2 and S 4 , hence we can pick a similar deformation term, and the computations follow a similar pattern. In particular, the classical and one-loop computations are almost the same, the main difference being in the classical field configuration appearing in the two-dimensional one-loop determinant. We review these computations and adapt them to the present case, mostly following the conventions of [5] on S 2 , and those of [4] on S 4 . However, the instanton partition function for the four dimensional theory is affected by the presence of the defect, and must be computed separately.
We deform the action by a non-negative Q-exact term QV = QV 4d + QV 2d . The twodimensional part QV 2d can be taken to be the action S S 2 itself, as it is Q-exact. On the four-dimensional side, we take
The resulting deformation term QV 4d manifestly satisfies the required properties.
Classical configurations and one-loop determinants
For the vector multiplet, the classical configurations are given by the zeros of the deformation term QV 4d , for which the bosonic part is
The classical configurations thus coincide with the supersymmetric configurations. Up to a gauge transformation, the smooth solutions to QV bos 4d = 0 are given in terms of a constant g-valued parameter a, by [2] 
For the chiral multiplet, the equation of motion for D 12 and the above configuration fix χ = 0, and F must vanish by its own equation of motion. The action for such configuration is S cl (a) = 8π 2 g 2 Tr(a 2 0 ). The one-loop determinants for the chiral and vector multiplets are computed independently from each other, although they both depend on the background of the vector multiplet. For a generic vector multiplet background, the one-loop determinant for the chiral multiplet is a product over the weights of R:
where N , S denote the values at the north and south poles. This result is computed in appendix E. For the above background, the formula reduces to
The one-loop determinant for the vector multiplet is (see [2] )
where ∆ is the set of roots of g, and G(z) is the Barnes G-function [18] .
The instanton partition function
In [2] , it was shown that the instanton contribution to the partition function at each pole in the absence of defect is given by Nekrasov's instanton partition function [19] of the theory in the Ω-background on R 4 . The argument given in that paper is still valid here, however the presence of the defect modifies the instanton partition function, which is now that of a similar theory with a R 2 defect, i.e. the R 4 version of the theory considered in this paper in the Ω-background. We leave the computation of the exact instanton partition function Z 2d−4d inst (a) for future work. Summing up the previous computations, we write the complete partition function as
where we reduced the integral over a to the Cartan subalgebra h at the price of a Jacobian factor α∈∆ (α · a), inserted in the modified one-loop determinant
Generalizations
In this section we consider the generalization of the above results, where we allow additional types of multiplets. Namely, we consider the addition of hypermultiplets on S 4 and vector multiplets on the defect. As in the previous case (see appendix D) symmetry and renormalizability imposes heavy constraints on the possible couplings between the defect and the bulk. A vector multiplet on the defect cannot be coupled consistently with a 4d field, and a hypermultiplet can only couple to the defect through a (heavily constrained) superpotential. However, a superpotential term does not affect the partition function, so the localization procedure involves no more couplings between the bulk and the defect than the one considered previously. A vector multiplet on the defect cannot be coupled consistently with a 4d field, but a hypermultiplet can couple to the defect in two different ways. The first one is through a superpotential: the restricted hypermultiplet appears as two series of chiral multiplets, which can appear in the superpotential. By renormalizability the superpotential must be at most linear in the 4d fields, and only the top chiral multiplet in each series is allowed (i.e. without transverse derivative), and gauge invariance constrains the superpotential further. In any case, a superpotential term does not affect the partition function, so it is irrelevant for the present computation. The other possible coupling is through a four dimensional vector multiplet frozen to its vacuum expectation value [20] : if a Lagrangian is invariant under some flavor symmetry, we can weakly gauge it by introducing a introducing a vector multiplet, then freezing it.
The localization procedure for the generalized theory is unchanged from the one described previously. Here we consider vector multiplets V 4d and V 2d , with gauge groups G 4d and G 2d . V 2d is also associated to a Fayet-Iliopoulos parameter ξ and a topological angle θ, appearing in the combination τ = θ 2π + iξ. The matter on S 4 forms a hypermultiplet H with mass m H , in a representation R H of G 4d 4 . The chiral multiplet Ψ on the defect has mass and R-charge
2r q Ψ , and is in a representation R Ψ of G 4d × G 2d . Localization works exactly as before, and we obtain the formula
where
and
3)
The other one-loop determinants are unchanged from the separate expressions on S 2 and S 4 [2, 5, 6] , and as before we leave the computation of the instanton partition function for future work. 
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A Coordinates and spinors
We use the stereographic coordinates on S 4 . The coordinates are labelled x µ , µ = 1, · · · , 4, and the metric is conformally flat:
where r is the radius of the sphere. By x µ x µ , it is understood that the contraction is performed using the flat space metric, x µ x µ = δ µν x µ x ν . The S 2 subspace is taken to be along the 1-2 plane. When needed, we split the coordinates and indices into parallel and orthogonal pairs, and write the indices as i, j = 1, 2, andĩ,j = 3, 4. The coordinates x i on S 2 are given by inclusion. The induced metric is g ij = e 2Ω δ ij , with conformal factor e −Ω = 1 + The two dimensional spinors are taken to be Dirac spinors, and the Dirac matrices (γ i g ) b a satisfy the Clifford algebra {γ i g , γ j g } = 2g ij . As in the four dimensional case, they can be expressed in terms of the flat space Dirac matrices γ i as γ i g = e −Ω γ i . The chirality matrix is γ 3 = −iγ 1 γ 2 . We take a basis in which γ m (m = 1, 2, 3) are numerically equal to the Pauli matrices τ m . Spinor indices are raised and lowered as four dimensional spinors.
B Conformal Killing spinors and supersymmetry
B.1 Conformal Killing spinors on S 4 and S 2
Conformal Killing spinor ǫ,ǭ in four dimensions are solutions of the equations
where ǫ ′ ,ǭ ′ are some auxiliary spinors. The solutions to these equations are
where ǫ 0 , ǫ 1 ,ǭ 0 ,ǭ 1 are arbitrary constant spinors, and can be obtained using the flat space (r → ∞) solution together with Weyl covariance. Conformal Killing spinors in two dimensions work exactly as in four dimension. In this case, the equations are
and are solved by
The supersymmetry algebra on S 4 is most conveniently obtained as a subalgebra of the superconformal algebra, in which the spacetime transformations are restricted to the isometries.
In the following we describe this process through the realization of the algebra on fields and spacetime. N = 2 superconformal transformations are realized through SU (2) doublets of conformal Killing spinors ǫ A ,ǭ A . For the vector multiplet, the superconformal transformations are given by (2.5) , and the algebra is realized on the vector multiplet as
where L v is a lie derivative,G is a gauge transformation, Ω is a Weyl transformation, andR, R AB are U (1) and SU (2) R-symmetry transformations. The various parameters are given by
In particular, the spacetime transformations are generated by the conformal Killing vector v.
To restrict to supersymmetry, we restrict the set of allowed conformal Killing spinors in such a way that v is a Killing vector, i.e. it generates only isometries of the sphere. We expand
where P µ , D, M µν , K µ are the generators of the conformal transformations in the scalar representation. The SO(5, 1) symmetry can be made manifest by defining
where n = cosh α, m = sinh α for some hyperbolic angle α.
For the sphere, the isometry group is SO(5), which is made manifest as a subgroup of SO(5, 1) by setting tanh α = 10) which are satisfied by
(B.11) (and similarly for η A ,η A ). After imposing these conditions, we obtain N = 2 supersymmetry, and the Killing vector is given by
The other parameters in (B.6) reduce to ω =Θ = Θ 11 = Θ 22 = 0, 13) and the algebra simplifies to
where R = 4R 12 is the unbroken R-charge. The coupling of the theory to matter on a S 2 surface breaks the spacetime symmetry of the theory to SO(3) × SO(2) ⊥ . Here SO(3) represents the isometries of S 2 , i.e. rotations and translations on the 1-2 plane, and SO(2) ⊥ represents the rotations on the 3-4 plane. Hence to obtain the set of unbroken supersymmetries, we need a subset of the Killing spinors which does not generate Mĩ 5 or M ij . This requirement imposes the conditions
which can be satisfied by requiring the spinors to have a definite "two dimensional chirality". We choose them to satisfy
(B.16) (and similarly for η A ,η A ). The Killing spinor then simplifies to
For supersymmetry on S 2 , we proceed exactly as in the S 4 case. N = (2, 2) supersymmetry are realized through a pair of real conformal Killing spinors ε,ε, and the algebra is realized as
where R and A are R-symmetry transformations, m is the mass of the multiplet, and the parameters are
The conformal Killing vector v expands as
where we used the restriction of (B.8) to make the SO(3, 1) symmetry manifest. We reduce the symmetry group to SO(3) by imposing
Under these constraints, the Killing vector is
and the other parameters of the algebra simplify to
B.4 Relating the spinor formalisms
We now proceed to relate the two spinor formalisms introduced for N = (2, 2) supersymmetry. This amounts to matching the conformal Killing spinors on both sides. We recall that on one side we have four four dimensional Weyl spinors ǫ A 0 ,ǭ A 0 of definite two dimensional chirality, and on the other we have two unconstrained two dimensional Dirac spinors ε 0 ,ε 0 . To proceed, we write the spinors in components in chiral bases, which gives four elementary spinors on both sides:
The matching must respect the supersymmetry algebra, i.e. the Killing vector v µ must be preserved on S 2 . This can be achieved by setting
This form allows to relate the nonzero components of the conformal Killing spinors by
C Decomposition of the vector multiplet on S
4
In this section we decompose the N = 2 vector multiplet into representations of the N = (2, 2) superconformal algebra. We focus on the N = (2, 2) vector multiplet, for which an exact expression is needed to the coupling to the defect. Our goal is to find a set of fields (A i , σ 1 , σ 2 , D, λ,λ) among these which transform as a N = (2, 2) vector multiplet, in the form
For the gauge field, the identification A
is obvious. We evaluate
which implies the identifications
Under these identifications, the scalars φ,φ transform as
The auxiliary field D 12 transforms as
implying the identification
A similar computation can be done to show that the supersymmetry transformations of the fermions are consistent with the above identifications.
D Restriction in the superfield formalism and supersymmetric couplings
In this section we present an alternative description of the theory, based on the superfield formalism in flat space. This description has the advantage of making explicit the possible supersymmetric couplings between the 2d and 4d multiplets. It is equivalent to the S 2 ⊂ S 4 case by classical conformal invariance, which allows to relate the Lagrangians and supersymmetry transformations in the two cases. We first write down the vector multiplet on R 4 in terms of representations of N = (2, 2) supersymmetry. It takes the form of a chiral multiplet Φ = Φ(x i , xĩ, θ,θ) coupled to a vector multiplet V = V (x i , xĩ, θ,θ). The symmetry in the directions orthogonal to the defect is encoded in the gauge transformations δ Λ V = i(Λ − Λ † ), δ Λ Φ = 2 √ 2∂ + Λ, where Λ = Λ(x i , xĩ, θ,θ) is a chiral field, and
is gauge invariant, and can be shown to reproduce that of a N = 2 vector multiplet on R 4 . The restriction to R 2 contains the fundamental fields Φ and V at xĩ = 0, but also their derivatives on the defect. Therefore the set of restricted fields consists of an infinite tower of vector multiplets V
, and a tower of chiral multiplets Φ (m,n) R = (∂ m + ∂ n − Φ)(xĩ = 0). In particular, the defect sees infinitely many copies of the gauge group G, which we label by G (m,n) . Also in the Wess-Zumino gauge the different chiral multiplets mix under supersymmetry.
Given a chiral multiplet Ψ, the most general supersymmetric (and gauge invariant) coupling to the vector multiplet is obtained by picking a representation R (m,n) for each of the gauge groups. The Lagrangian may also include a superpotential W = W(Ψ) (The superpotential cannot depend on Φ (m,n) R by gauge invariance), and twisted masses. Twisted masses are obtained by coupling the chiral multiplet to a (2d) vector multiplet frozen to its vacuum expectation valueṼ . In this paper we are interested in a local, renormalizable interaction term, which preserves the SO(2) ⊥ symmetry between the transverse directions. Locality requires the interaction to involve only a finite number of multiplets, and by SO(2) ⊥ symmetry we must restrict to those with m = n. By renormalizability all the representations other than R (0,0) must be trivial. Therefore the most general allowed two dimensional Lagrangian is of the form
E One-loop determinants of the chiral multiplet from index theorem
We compute the one-loop determinant of the chiral multiplet using the equivariant index theorem for transversally elliptic operators . For our purpose, the statement of the index theorem is as follow [2, 21] . Let E 0 , E 1 be a pair of vector bundles over a manifold M , and G a compact Lie group acting on the bundles and the manifold. Let D : Γ(E 0 ) → Γ(E 1 ) map sections of the bundles and commute with the action of G. We also require D to be transversally elliptic 5 . The index of D is defined as
wheret is an element of the maximal torus of G. For a transversally elliptic operator, the Kernel and Cokernel are both infinite dimensional, but can be decomposed as a sum of irreducible representations of G, each appearing with a finite multiplicity. Therefore we can expand the index in formal series. For G = U (1),t = e iǫĝ = t g , where ǫ ∈ R, and g is the generator of the Lie algebra u(1), and we can expand indD(t) = i c i t w i . However, the expansion is not unique, and some care must be taken in choosing the appropriate expansion.
Assuming that G has a discrete set of fixed points F , the index theorem gives the index of D as a sum over F :
To use the index theorem, we first build a Q-complex from the fields. We write the fields of each multiplet as a pair of (sets of) bosons {Φ,Φ} and a pair of (sets of) fermions {Ψ,Ψ}, such thatΨ = QΦ,Φ = QΨ. The fields are sections of vector bundles, which we write {E Φ , EΦ}, {E Ψ , EΨ}. Then Q 2 maps each bundle to itself, and we can take G to be the U (1) Lie group generated by Q 2 . The quadratic part of the deformation term V q in the form
This construction gives a smooth linear map D 10 : Γ(E Φ ) → Γ(E Ψ ). In the following, we assume that D 10 commutes with the action of Q, allowing us to use the index theorem. The quadratic part of the Lagrangian can then be written as
where Q 2 = diag(1, Q 2 ), Q 2 R = diag(Q 2 R , 1), and Q R is the supercharge Q acting on the right. Then for real fields, the one-loop determinant can be written as
5 A differential operator D is said to be transversally elliptic if its symbol is invertible for sections of the cotangent bundle T * M transversal to the G-orbit. In a local coordinate frame, the symbol is obtained from the highest order part of D by replacing partial derivatives at each point x by momenta, ∂i → ipi, where {pi} is set of coordinates for a point p on T * x M . For transversal ellipticity, we require the symbol to be invertible for all p in the subspace of T * x M transversal to the G-orbit at each point x ∈ M (in any coordinate frame).
where the last equality follows from the assumption that D 10 commutes with Q, therefore it relates the action of Q on both bundles outside its kernel and cokernel. For complex fields, square root is absent. The ratio of determinant can be obtained from the equivariant index through indD 10 
E.1 The chiral multiplet
We now proceed to compute the one-loop determinant of the chiral multiplet using the above method, as done in [6] . Here we assume that the operator D 10 is transversally elliptic, and avoid computing its exact form. We take the Q-complex defined by Φ = φ, ε Q Ψ = εγ 3 ψ. The two fixed points are the north and south poles. Near the north pole Q 2 acts in complex coordinates as Q 2 (z,z) = (z, −z), so the denominator is (1 − t)(1 − t −1 ), and similarly at the south pole. The numerator is obtained from the action of Q 2 at the poles, obtained from
where Λ = −iv · A + r(f (x)σ 1 − iσ 2 ), M = m + i 2r q. Here the fields of the vector multiplet are treated as background fields. More formally, the bundles E Φ , E Ψ are isomorphic to K q,m ⊗ R and S ⊗ K q−1,m ⊗ R, where K q,m is a one-dimensional vector bundle encoding a R-charge q and a mass m, R is a vector bundle transforming in the representation R of G, and S is a (one-dimensional) subbundle of a Spin- The series expansion at each pole is dictated by the symbol of D 10 (see [2] for details). Here we need to expand the north pole contribution in powers of t, and the south pole contribution in powers of t −1 , giving
From this index we deduce the one-loop determinant (up to an irrelevant phase)
.
(E.10)
We regularize the products according to the formula 11) giving the result
. (E.12)
